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Symmetries of F-manifolds with eventual identities
and special families of connections

LIANA DAVID AND IAN A.B. STRACHAN

Abstract. We construct a duality for F-manifolds with eventual identities and
certain special families of connections and we study its interactions with several
well-known constructions from the theory of Frobenius and F-manifolds.
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1. Introduction

The concept of an F-manifold was introduced by Hertling and Manin [6].
Definition 1.1. Let (M, �, e) be a manifold with a fiber-preserving commutative,
associative, bilinear multiplication � on T M , with unit field e . Then (M, �, e) is an
F-manifold if, for any vector fields X,Y 2 X (M),

LX�Y (�) = X � LY (�) + Y � LX (�). (1.1)

These F-manifolds were originally defined in the context of Frobenius manifolds
(all Frobenius manifolds are examples of F-manifolds) and singularity theory, and
have more recently found applications in other areas of mathematics. On writing
˜C(X,Y ) = X � Y the F-manifold condition may be expressed succinctly, in terms
of the Schouten bracket, as [

˜C, ˜C] = 0 . This provided the starting point for the
construction of multi-field generalizations and the deformation theory of such ob-
jects [17]. Interestingly, such conditions date back to the work of Nijenhuis [19]
and Yano and Ako [22].

Applications of F-manifolds within the theory of integrable systems, and more
specifically, equations of hydrodynamic type, have also appeared [10–13]. In a
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